Abstract. We propose analogues of Green's and Picone's identities for the p-subLaplacian on stratified Lie groups. In particular, these imply a generalised Díaz-Saá inequality for the p-sub-Laplacian on stratified Lie groups. Using these we derive a comparison principle and uniqueness of a positive solution to nonlinear hypoelliptic equations on general stratified Lie groups extending to the setting of the general stratified Lie groups previously known results on Euclidean and Heisenberg groups.
Introduction
A stratified Lie group can be defined in many different equivalent ways (see e.g. [10] for the Lie algebra point of view). We follow the definition in [5] , that is, a Lie group G = (R N is an automorphism of the group G. Here x (k) ∈ R N k for k = 1, ..., r. (ii) Let N 1 be as in (i) and let X 1 , ..., X N 1 be the left invariant vector fields on G such that X k (0) = ∂ ∂x k | 0 for k = 1, ..., N 1 . Then the Hörmander condition rank(Lie{X 1 , ..., X N 1 }) = N holds for every x ∈ R N , i.e. the iterated commutators of X 1 , ..., X N 1 span the Lie algebra of G.
That is, we say that the triple G = (R N , •, δ λ ) is a stratified Lie group (or a stratified group, in short). The number r above is called the step of G and the left invariant vector fields X 1 , ..., X N 1 are called the (Jacobian) generators of G. The number
kN k is called the homogeneous dimension of G. We will also use the notation ∇ G := (X 1 , . . . , X N 1 ) for the (horizontal) gradient. We also recall that the standard Lebesgue measure dx on R N is the Haar measure for G. Let Ω ⊂ G be an open set. The notation u ∈ C 1 (Ω) means ∇ G u ∈ C(Ω).
We will also use the functional spaces S 1,p (Ω) = {u : Ω → R; u, |∇ G u| ∈ L p (Ω)}. Moreover, let us consider the following functional
then we define the functional class
(Ω) to be the completion of C 1 0 (Ω) in the norm generated by J p (see, e.g. [7] ). The operator
is called the subelliptic p-Laplacian or, in short, p-sub-Laplacian. Throughout this paper Ω ⊂ G will be an admissible domain, that is, an open set Ω ⊂ G is called an admissible domain if it is bounded and if its boundary ∂Ω is piecewise smooth and simple i.e., it has no self-intersections. The condition for the boundary to be simple amounts to ∂Ω being orientable. In Ω ⊂ G we consider the following nonlinear Dirichlet boundary value problem for the p-sub-Laplacian
In this note we assume that: (a) The function F : Ω × R → R is a positive, bounded and measurable function and there exists a positive constant C > 0 such that
ρ p−1 is strictly decreasing on (0, ∞) for a.e. x ∈ Ω.
As usual, a (weak) solution of (1.2) means a function u ∈
Nowadays, in the abelian case, there is vast literature devoted to the study of the boundary value problem (1.2). In the analysis of subelliptic p-Laplacian on, e.g., Heisenberg type groups the boundary value problems of this type have been also intensively investigated. In the non-abelian case some of very first results obtained regarding the boundary value problem (1.2) with p = 2 are by Garofalo and Lanconelli [13] , where the authors obtained existence and nonexistence results using RellichPohozaev type inequalities. Since then a number of studies have been devoted to this subject and most of them are on the Heisenberg group. See [3] , [4] , [6] , [8] , [9] , [14] , [15] , [17] and [20] as well as references therein. To the best of our knowledge, these results have not been extended to the general stratified Lie groups. Therefore, the aim of this short note is to extend to the setting of the stratified Lie groups previously known results on Euclidean and Heisenberg groups. To reach the desired results first one tries to obtain related Picone type identities\inequalities (see, e.g. [1] , [3] and [8] ), and we follow these ideas in the proofs. However, stratified group adapted p-sub-Laplacian Green identities based on our previous paper [18] play key roles in some calculations. Thus, we discuss p-sub-Laplacian Green identities and their applications in Section 2. In Section 3 we derive versions of Picone's equality and inequality, and give their applications, namely, proofs of a comparison principle as well as uniqueness of a positive solution of the Dirichlet boundary value problem for the p-sub-Laplacian (1.2).
p-sub-Laplacian Green's identity and consequences
Let Q ≥ 3 be the homogeneous dimension of a stratified Lie group G and let dν be the volume element on G. Note that the Lebesque measure on R N is the Haar measure for G (see, e.g. [5, Proposition 1.3 .21] or [10, Proposition 1.6.6]). The notations X = {X 1 , ..., X N 1 } are left-invariant vector fields in the first stratum of G, and X k , dν is the natural pairing between vector fields and differential forms, more precisely, we have
where
and a
k,m is a δ λ -homogeneous polynomial of degree l − 1 such that
3) see [18] . As mentioned in the introduction throughout this paper we assume that a domain Ω ⊂ G is an admissible domain. We recall the following divergence formula for X k 's.
Consequently, we also have
As a consequences of the above Divergence formula we obtain the following analogue of Green's first identity for the p-sub-Laplacian. This version was proved for the sub-Laplacian (p = 2) in [18] , and now we extend it to all 1 < p < ∞.
where L p is the p-sub-Laplacian on G and
By integrating both sides of this equality over Ω and using Proposition 2.1 we obtain
completing the proof.
When v = 1 Proposition 2.2 implies the following analogue of Gauss' mean value formula for p-harmonic functions:
As consequences of Proposition 2.2 we obtain the following uniqueness results for not only the p-sub-Laplacian Dirichlet boundary value problem, but also other boundary value problems of different types, such as Neumann, Robin, or mixed types of conditions on different parts of the boundary.
We should mention that most of the following results are known and can be proved by other methods too, but using given Green's first identity in Proposition 2.2 their proofs become elementary.
Corollary 2.4. The Dirichlet boundary value problem
L p u(x) = 0, x ∈ Ω ⊂ G, (2.7) u(x) = 0, x ∈ ∂Ω,(2.
8)
has the unique trivial solution u ≡ 0 in the class of functions
Proof of Corollary 2.4. Set v = u in (2.6), then by (2.7) and (2.8) we get
Since any element of a Jacobian basis of G is represented by Lie brackets of {X 1 , ..., X N 1 }, we obtain that u is a constant, so u ≡ 0 on Ω by (2.8).
This has the following simple extension to (nonlinear) Schrödinger operators:
Corollary 2.5. Let q : C × Ω → R be a non-negative bounded function. Then the Dirichlet boundary value problem for the (nonlinear) Schrödinger equation
10)
Proof of Corollary 2.5. As in proof of Corollary 2.4 using Green's identity, from (2.9) and (2.10) we obtain
Similarly, we obtain the following fact for the new measure-type von Neumann boundary conditions: Corollary 2.6. The boundary value problem
has a solution u ≡ const in the class of functions
Proof of Corollary 2.6. Set v = u in (2.6), then by (2.11) and (2.12) we get
Since any element of a Jacobian basis of G is represented by Lie brackets of {X 1 , ..., X N 1 }, we obtain that u is a constant.
In the same way one can consider the Robin-type boundary conditions as follows.
Corollary 2.7. Let a j : ∂Ω → R, j = 1, ..., N 1 , be bounded functions such that the measure
is non-negative on ∂Ω. Then the boundary value problem
14)
Proof of Corollary 2.7. Set v = u in (2.6), then by (2.14) and (2.15) we get
As above the first equality implies that u is a constant. This proves the claim.
We can also consider boundary value problems where Dirichlet or Robin boundary conditions are imposed on different parts of the boundary. The proof is similar to the above cases. Corollary 2.8. Let a j : ∂Ω → R, j = 1, ..., N 1 , be bounded functions such that the measure
is non-negative on ∂Ω. Let ∂Ω 1 ⊂ ∂Ω, ∂Ω 1 = ∅ and ∂Ω 2 := ∂Ω\∂Ω 1 . Then the boundary value problem
18) 20) has the unique trivial solution u ≡ 0 in the class of functions
As a consequence of the Green's first identity (2.6) we obtain the following analogue of Green's second identity for the p-sub-Laplacian:
Proof of Proposition 2.9. Rewriting (2.6) we have
By subtracting the second identity from the first one and using
we obtain the desired result.
It is known that the sub-Laplacian (p = 2) has a unique fundamental solution ε on G (see [11] ), L 2 ε = δ, and ε(x, y) = ε(y −1 x) is homogeneous of degree −Q + 2 and represented in the form
where d is the L-gauge.
One of the largest classes of the stratified Lie groups, for which the fundamental solution of the p-sub-Laplacian is expressed explicitly are polarizable Carnot groups.
A Lie group G is called a polarizable Carnot group if the L-gauge d satisfies the following ∞-sub-Laplacian equality
In the paper [2] it was proved that if G is a polarizable Carnot group, then the fundamental solutions of the p-sub-Laplacian (1.1) are given by the explicit formulae
(2.23)
As usual, the Green identities are still valid for functions with (weak) singularities provided we can approximate them by smooth functions. Thus, for example, for x ∈ Ω in a polarizable Carnot group, taking v = 1 and u(y) = ε p (x, y) we record the following consequence of Proposition 2.2: If Ω is an admissible domain of a polarizable Carnot group G, and x ∈ Ω, then
where ε p is the fundamental solution of the p-sub-Laplacian.
For the polarizable Carnot groups putting the fundamental solution ε p instead of v in (2.21) we get the following representation type formulae:
(Ω) and L p u = 0 on Ω, then for x ∈ Ω we have
(2.29) Of course, these representation formula expressions hold in general stratified Lie groups provided ε p exists. However, according to the meaning of the classical cases, one should know the fundamental solution in an explicit form, so we have focused on the polarizable groups. Note that there are stratified Lie groups (other than polarizable ones) in which the fundamental solution of, say, the sub-Laplacian can be expressed explicitly (see [2, Section 6] ).
p-sub-Laplacian Picone's identity and consequences
By keeping in mind the stratified group discussions from the introduction for any set Ω ⊂ G and a locally Lipschitz function f :
and
a.e. in Ω. Then we have the following stratified Lie group version of Picone's identity.
Lemma 3.1. For any set Ω ⊂ G and all 1 < p < ∞ we have L(u, v) = R(u, v) ≥ 0 a.e. in Ω, where u and v are differentiable real-valued functions.
Proof of Lemma 3.1. A direct calculation shows that
.
Thus,
Now it remains to show the nonnegativity of R(u, v). We have
In addition, from the fact that L p is a continuous operator from
pointwise since f is a locally Lipschitz continuous function on (0, ∞). Thus, by the Lebesque dominated convergence theorem and using the fact that f is an increasing function on (0, ∞), for any u ∈ C ∞ 0 (Ω) we arrive at 5) proving (3.4).
By using Lemma 3.3 above we prove the following generalised Picone inequality: 
(Ω). For the functions u k and v k Lemma 3.3 gives
pointwise by the Fatou lemma we arrive at
This completes the proof.
As a consequence of the Picone inequality we have the following comparison type principle:
where 0 < q < p − 1, F is a nonnegative function with F ≡ 0. Then v ≤ u a.e. in Ω.
Proof of Theorem 3.5. It follows from (3.7) that
Multiplying both sides by w = (v p − u p ) + and integrating over Ω we have
In addition, a direct calculation gives
On the other hand, we have
As another consequence of the generalised Picone inequality we obtain the following Díaz-Saá inequality on stratified Lie groups. 
Proof of Theorem 3.6. Let functions u 1 and u 2 satisfy the assumptions. Then by the inequality (3.6) with f (u) = u p−1 as well as for u 1 and u 2 we have
Using Green's first identity (2. Now the combination of (3.10) and (3.11) completes the proof.
Finally, we prove the following theorem on uniqueness of a positive solution of
where Ω is an admissible domain. Here we recall the assumptions on F (x, u): (a) The function F : Ω × R → R is a positive, bounded and measurable function and there exists a positive constant C > 0 such that F (x, ρ) ≤ C(ρ p−1 + 1) for a.e. x ∈ Ω. (b) The function ρ → F (x,ρ) ρ p−1 is strictly decreasing on (0, ∞) for a.e. x ∈ Ω. Theorem 3.7. There exists at most one positive weak solution to (3.12) for 1 < p ≤ Q.
Proof of Theorem 3.7. Suppose that u 1 and u 2 be two different (u 1 ≡ u 2 ) nonnegative solutions of (3.12) . By using the strong maximum principle in Lemma 3. Since
this contradicts that both u 1 and u 2 (u 1 ≡ u 2 ) are non-negative solutions of (3.12).
